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φ`1,`2,`3,`4 1 φ`1φ`2φ`3φ`4
Ä¿tª&¯º9¨Â¦s´ »
EXtXt+iXt+hXt+j+h =
∑
`1,`2,`3,`4
φ`1,`2,`3,`4Et−`1t+i−`2t+h−`3t+j+h−`4
=
∑
`1,`3
φ`1,`1+i,`3,`3+jE
2
t−`1
2
t+h−`3 +
∑
`1,`2
φ`1,`1+h,`2,`2+h+j−iE
2
t−`1
2
t+i−`2
+
∑
`1,`2
φ`1,`1+h+j,`2,`2+h−iE
2
t−`1
2
t+i−`2 − 2E4t
∑
`1
φ`1,`1+i,`1+h,`1+h+j .
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{t−`1 , t+i−`2 , t+h−`3 , t+j+h−`4}
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γX(i) =
∑
`1,`2
φ`1φ`2Et−`1t+i−`2 = γ(0)
∑
`1
φ`1φ`1+i.
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lim
n→∞
n
Í¯|¾ {γˆX(i), γˆX(j)} =
∞∑
h=−∞
Í¯|¾ {XtXt+i, Xt+hXt+j+h} .
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∑ |φ`1 | < ∞
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∑ |ρ2(h)| < ∞ Ä¦s»¶/¨z¸´³µ5µ²± ´³µ!ªIÊ²¦s©e¨z¯∑
`1,`3
φ`1,`1+i,`3,`3+j
∑
h
{
E2t−`1
2
t+h−`3 − γ2 (0)
}
+
∑
h,`1,`2
φ`1,`1+h,`2,`2+h+j−iE
2
t−`1
2
t+i−`2
+
∑
h,`1,`2
φ`1,`1+h+j,`2,`2+h−iE
2
t−`1
2
t+i−`2 − 2E4t
∑
h,`1
φ`1,`1+i,`1+h,`1+h+j
= γ2(0)ρ2
∑
`1
φ`1φ`1+i
∑
`3
φ`3φ`3+j +
∑
`1,`2
φ`1φ`2E
2
t−`1
2
t+i−`2
∑
h
φ`1+hφ`2+h+j−i
+
∑
`1,`2
φ`1φ`2E
2
t−`1
2
t+i−`2
∑
h
φ`1+h+jφ`2+h−i − 2E4t
∑
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∑
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γ2(0) =
(κ− 1)γ2 (0)
¿tª&¯º9¨Â¦s´ »
lim
n→∞
n
Í¯|¾ {γˆX(i), γˆX(j)}
= γ2(0)ρ2γ
−2
 (0)γX(i)γX(j) +
∑
`1,`2
φ`1φ`2E
2
t−`1
2
t+i−`2γ
−1
 (0)γX(`2 + j − i− `1)
+
∑
`1,`2
φ`1φ`2E
2
t−`1
2
t+i−`2γ
−1
 (0)γX(`2 − j − i− `1)− 2E4tγ−2 (0)γX(i)γX (j)
= {(κ− 1)ρ2 − 2κ} γX(i)γX(j)
+γ−1 (0)
∑
`1,`2
φ`1φ`2 {γX(`2 + j − i− `1) + γX(`2 − j − i− `1)}
{
γ2(i− `2 + `1) + γ2 (0)
}
.
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lim
n→∞
n
Í¯|¾ {γˆX(i), γˆX(j)} = {(κ− 1)ρ2 − 2κ} γX(i)γX (j)
+γ−2 (0)
∞∑
`=−∞
γX(`) {γX(` + j − i) + γX(`− j − i)}
{
γ2(i− `) + γ2 (0)
}
= (ρ2 − 3)(κ− 1)γX(i)γX (j) + (κ− 3)γX(i)γX(j)
+
∞∑
`=−∞
γX(`) {γX(` + j − i) + γX(`− j − i)}
+(κ− 1)
∞∑
`=−∞
γX(`) {γX(` + j − i) + γX(`− j − i)} ρ2(i− `).
ßcª,¨¨z´ »Å
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h=−∞
γX(−h + i) {γX(−h + j) + γX(−h− j)} ρ2(h),
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(ρˆX (i), ρˆX(j))
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(γˆX(0), γˆX(i), γˆX(j))
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J =

 − γX(i)γ2X(0) 1γX (0) 0
− γX(j)
γ2
X
(0)
0 1
γX(0)

 .
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lim
n→∞
n
Í¯|¾ {ρˆ(i), ρˆ(j)} = JΣJ ′(1, 2)
=
γX(i)γX(j)
γ4X(0)
Σ(1, 1)− γX(i)
γ3X(0)
Σ(1, 3)− γX(j)
γ3X(0)
Σ(2, 1) +
1
γ2X(0)
Σ(2, 3).
ðµ´ »ÅTå`.¼ ûì¨z¯·¶9ª,¨zª
§z±_´ »ª&¨z¸ªª
© ª
±_ª
»¨Âµ!¯s®
Σ
Äc¨z¸´³µ5¦µ¬c±_­9¨z¯s¨z´³¹&¹,¯|¾|¦s§z´³¦s»¹,ª<´³µ
{(κ− 1)ρ2 − 2κ}
{
γX(i)γX (j)
γ4X(0)
γ2X(0)−
γX(i)
γ3X(0)
γX(0)γX(j)
−γX(j)
γ3X(0)
γX (i)γX(0) +
1
γ2X(0)
γX (i)γX(j)
}
+γ−2 (0)
∞∑
`=−∞
[
γX (i)γX(j)
γ4X(0)
2γ2X(`)
{
γ2(−`) + γ2 (0)
}
− γX(i)
γ3X(0)
γX (`) {γX(` + j) + γX(`− j)}
{
γ2(−`) + γ2 (0)
}
−γX(j)
γ3X(0)
γX (`) {γX(`− i) + γX(`− i)}
{
γ2(i− `) + γ2 (0)
}
+
1
γ2X(0)
γX (`) {γX(` + j − i) + γX(`− j − i)}
{
γ2(i− `) + γ2 (0)
}]
.
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∞∑
`=−∞
[
2ρX(i)ρX(j)ρ
2
X(`)− ρX(i)ρX(`) {ρX(` + j) + ρX(`− j)}
−ρX(j)ρX (`) {ρX(`− i) + ρX(`− i)}+ ρX(`) {ρX(` + j − i) + ρX(`− j − i)}]
+(κ− 1)
∞∑
`=−∞
ρ2(`)
[
2ρX(i)ρX(j)ρ
2
X(`) − ρX(i)ρX(`) {ρX(` + j) + ρX(`− j)}
−ρX(j)ρX (`− i) {ρX(`) + ρX(`)} +ρX(i− `) {ρX(−` + j) + ρX(−`− j)}] .
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`
ρX(`)ρX(` + j) =
∑
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ρX(`)ρX (`− j),
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lim
n→∞
n
Í¯|¾ {ρˆ(i), ρˆ(j)} = wi,j + w∗i,j .
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X = (t)
Ä
vi,j = (κ− 3)γ(i)γ(j) + γ(0) {γ(j − i) + γ(−j − i)}
=


0
´ ®
i 6= j
γ2 (0)
´ ®
i = j > 0
(κ− 1)γ2 (0)
´ ®
i = j = 0,
wi,j = −2ρ(j)ρ(i) + ρ(j − i) + ρ(−j − i)
=

 0
´ ®
i 6= j
1
´ ®
i = j > 0,
v∗i,j = (ρ2 − 3)(κ− 1)γ(i)γ(j) + (κ− 1)γ(0) {γ(i− j) + γ(i + j)} ρ2(i)
=


0
´ ®
i 6= j
(κ− 1)γ2 (0)ρ2(i)
´ ®
i = j > 0
(ρ2 − 1)(κ− 1)γ2 (0)
´ ®
i = j = 0,
w∗i,j = (κ− 1) [−2ρ(i)ρ(j) + ρ2(i) {ρ(i + j) + ρ(i− j)}]
=

 0
´ ®
i 6= j
(κ− 1)ρ2(i)
´ ®
i = j > 0.
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ρX(`) = 0
®°¯§ |`| > q Ä¿tª&¸¦ﬀ¾ª
wi,j =
q∑
`=−q
ρX(`) [2ρX(i)ρX (j)ρX(`)− 2ρX(i)ρX (` + j)
−2ρX(j)ρX(` + i) + ρX(` + j − i) + ρX(`− j − i)]
¦s»¶B®°¯§
i, j > q
wi,j =
q∑
`=−q
ρX(`)ρX (` + j − i).
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wi,i
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i > q
w∗i,i = (κ− 1)
∞∑
`=−∞
ρ2(`)ρX(` + i) {ρX(` + i) + ρX(`− i)}
= (κ− 1)
q∑
`=−q
ρ2(i− `)ρ2X(`).
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t3 < t4
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Et1t2t3t4 = E [E (t1t2t3t4 | {u, u < t4})] = E [t1t2t3ht4E (ηt4 | {u, u < t4})] = 0,
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